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SESHADRI CONSTANTS OF THE ANTICANONICAL DIVISORS OF
FANO MANIFOLDS WITH LARGE INDEX
JIE LIU
ABSTRACT. Seshadri constants, introduced by Demailly, measure the local posi-
tivity of a nef divisor at a point. In this paper, we compute the Seshadri constants
of the anticanonical divisors of Fano manifolds with coindex at most 3 at a very
general point. As a consequence, if X is a nonsingular Fano threefold which is
very general in its deformation family, then ε(X,−KX ; x) ≤ 1 for all points x ∈ X
if and only if | − KX | is not base point free.
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1. INTRODUCTION
1.A. Motivation. Throughout the paper, we work over the field C. Let L be a
nef line bundle over an n-dimensional projective normal variety X. In [Dem92],
Demailly introduces an interesting invariant which measures the local positivity
of L at a point x ∈ X.
1.1. Definition. Let X be a projective normal variety and let L be a nef line bundle on X.
To every smooth point x ∈ X, we attach the number
ε(X, L; x) : = inf
x∈C
L · C
multx C
,
which is called the Seshadri constant of L at x. Here the infimum is taken over all irre-
ducible curves C passing through x andmultx C is the multiplicity of C at x.
The Seshadri constant is a lower-continuous function over X in the topology
which closed sets are countable unions of Zariski closed sets. Moreover, there is
a number, which we denote by ε(X, L; 1), such that it is the maximal value of Se-
shadri constant on X. This maximum is attained for a very general point x ∈ X.
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Unfortunately, in general it is very difficult to compute or estimate ε(X, L; 1). For
the upper bound, an elementary observation shows that ε(X, L; 1) ≤ n√Ln. There
have been many works in trying to give lower bound for this invariant. Ein and
Lazarsfeld show that if X is surface and L is ample, then ε(X, L; 1) ≥ 1 (see
[EL93, Theorem]). In higher dimension, Ein, Küchle and Lazarsfeld prove that
ε(X, L; 1) ≥ 1/ dim(X) for any ample line bundle L over X (see [EKL95, Theo-
rem 1]) and this bound has been improved by Nakamaye in [Nak05], by Cascini-
Nakamaye for 3-folds in [CN14] and by Lee for Fano manifolds in [Lee03]. In
general, we have the following conjecture.
1.2. Conjecture.[Laz04, Conjecture 5.2.4] Let L be an ample line bundle over a projec-
tive manifold X. Then ε(X, L; 1) ≥ 1.
In this paper, we are interested in the case where X is a Fano manifold and L is
the anticanonical divisor −KX . Given an n-dimensional Fano manifold X, Bauer
and Szemberg show that ε(X,−KX; 1) ≤ n + 1 with equality if and only if X is
isomorphic to the projective space Pn, and recently this result is generalized to
Q-Fano varieties by Liu-Zhuang in [LZ18]. On the other hand, as predicted by
Conjecture 1.2, we should have ε(X,−KX; 1) ≥ 1 (see [Lee03] for more related
results). Thus it is natural and interesting to consider the following question.
1.3. Question. Classify all Fano manifolds X with ε(X,−KX; 1) ≤ 1.
In dimension 2, the Seshadri constants of the anticanonical divisors of del Pezzo
surfaces are computed by Broustet in [Bro06].
1.4. Theorem.[Bro06, Théorème 1.3] Let S be a del Pezzo surface of degree d.
(1) ε(S,−KS; 1) = 1 if d = 1.
(2) ε(S,−KS; 1) = 4/3 if d = 2.
(3) ε(S,−KS; 1) = 3/2 if d = 3.
(4) ε(S,−KS; 1) = 2 if 4 ≤ d ≤ 8.
(5) ε(S,−KS; 1) = 3 if d = 9.
This gives a complete answer to Question 1.3 for del Pezzo surfaces. As a direct
corollary, if S is a del Pezzo surface, then ε(S,−KS; 1) ≤ 1 if and only if | − KS| is
not base point free.
1.B. Main Results. Recall that the index rX of an n-dimensional Fano manifold X
is defined to be the largest positive integer dividing−KX in Pic(X) and the divisor
H such that −KX ∼ rXH is called the fundamental divisor of X. The coindex of X is
defined to be n+ 1− rX . As predicted by Conjecture 1.2, we should have
ε(X,−KX; 1) = rXε(X,H; 1) ≥ rX . (1.1)
The inequality (1.1) is confirmed in the cases rX ≥ n − 2 or n ≤ 4 by Broustet
in [Bro09]. Following the same idea, we can easily derive the following result by
applying the main result of [Liu17] and the results proved in [Bro09].
1.5. Theorem. Let X be a n-dimensional Fano manifold with index rX at least n − 3,
then ε(X,−KX ; 1) ≥ rX .
Proof. Denote by H the fundamental divisor of X. By [Bro09, Théorème 1.5], it
remains to consider the case rX = n − 3. Thanks to [Liu17, Theorem 1.2] and
[Flo13, Theorem 1.1], there is a descending sequence of subvarieties
X = Xn ) Xn−1 ) · · · ) X3
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such that Xi ∈ |H|Xi+1 | has at worst Gorenstein canonical singularities. Moreover,
according to [Bro09, Théorème 1.4 (2)], we have ε(X3,H|X3 ; 1) ≥ 1 as KX3 ∼ 0.
Then one can apply verbatim the proof of [Bro09, Théorème 1.5] to prove the the-
orem. 
The main result of this paper is to compute ε(X,−KX; 1) explicitly for Fano
manifolds X with coindex at most 3. Before giving the precise statement, we recall
the minimal anticanonical degree ℓX of a covering family of minimal rational curves
on X by ℓX, so that ℓX ∈ {2, · · · , n+ 1} and ε(X,−KX; 1) ≤ ℓX.
1.6. Theorem. Let X be an n-dimensional Fano manifold with index rX ≥ max{2, n−
2}. Then through every point x ∈ X there is a rational curve C such that −KX · C = rX .
In particular, we have ε(X,−KX ; 1) = ℓX = rX .
Now it remains to consider nonsingular Fano threefolds. The classification of
polarized Fano threefolds (X, L) with ε(X, L; x) < 1 for some point x ∈ X was
studied by Lee in [Lee03, Lee04]. Moreover, if X is a very general nonsingular
Fano threefold with ρ(X) = 1, then ε(X,−KX ; 1) is calculated by Ito via toric de-
generations (see [Ito14, Theorem 1.8]). The nonsingular Fano threefoldswith ρ ≥ 2
are classified by Mori-Mukai in [MM81, MM03]. Given a nonsingular Fano three-
fold X, we identify it (or rather its deformation family) by the pair of numbers
ג(X) = ρ.N,
where ρ is the Picard rank of the threefold X, and N is its number in the classifica-
tion tables in [MM81, IP99, MM03].
1.7. Theorem. Let X be a nonsingular Fano threefold with ρ(X) ≥ 2.
(1) ε(X,−KX ; 1) = 1 if and only if X admits a del Pezzo fibration of degree 1, or equiva-
lently ג(X) ∈ {2.1, 10.1}.
(2) ε(X,−KX ; 1) = 4/3 if and only if X admits a del Pezzo fibration of degree 2, or
equivalently ג(X) ∈ {2.2, 2.3, 9.1}.
(3) ε(X,−KX ; 1) = 3/2 if and only if X admits a del Pezzo fibration of degree 3, or
equivalently ג(X) ∈ {2.4, 2.5, 3.2, 8.1}
(4) ε(X,−KX ; 1) = 3 if and only if X is isomorphic to the blow-up of P3 along a smooth
plane curve C of degree d ≤ 3, or equivalently ג(X) ∈ {2.28, 2.30, 2.33}.
(5) ε(X,−KX ; 1) = 2 otherwise.
Combined with [Ito14, Theorem 1.8] and [IP99, Theorem 2.4.5] (cf. Corollary
3.10), Theorem 1.7 provides an answer to Question 1.3 for nonsingular Fano three-
folds modulo genericity assumptions.
1.8. Corollary. Let X be a nonsingular Fano threefold which is very general in its defor-
mation family. Then ε(X,−KX; 1) ≤ 1 if and only if | − KX | is not base point free.
1.C. Further developments. One may ask if Corollary 1.8 still holds without the
genericity assumption. In fact, the genericity assumption is only used to apply
the result of Ito. In the case where −KX is very ample, by [Cha10, Lemma 2.2],
ε(X,−KX; 1) ≤ 1 if and only if (X,−KX) is covered by lines, which never happens
if rX = 1. If X is a nonsingular Fano threefold with ρ(X) = 1, then −KX is very
ample except ג(X) ∈ {1.1, 1.2} (see [IP99, Proposition 4.1.11]). If ג(X) ∈ {1.1, 1.2}
and −KX is not very ample, then X is actually a smooth complete intersection in a
weighted projective space (cf. Proposition 3.1 and Remark 3.2). We are thus led to
ask the following question.
3
1.9. Question. Let X be a smooth Fano weighted complete intersection in a weighted
projective space, and let OX(1) be the restriction of the universal O(1)-sheaf from the
weighted projective space. If (X,OX(1)) is not covered by lines, does there exist a point
x ∈ X such that ε(X,OX(1); x) > 1?
Furthermore, another natural question is to ask if the analogue of Corollary
1.8 holds in higher dimension. By Theorem 1.5, if X is an n-dimensional Fano
manifold of coindex at most 4, an obvious necessary condition for ε(X,−KX ; 1) ≤
1 is that the index rX of X must equal to 1. On the other hand, whereas the non-
freeness of | − KX| implies rX = 1 for nonsingular Fano 4-fold, it is no longer true
for nonsingular Fano 5-folds. Even in dimension 4, there exist nonsingular Fano
4-folds X such that | − KX | is not base point free but ε(X,−KX ; 1) > 1.
1.10. Example.
(1) Let X ⊂ P(14, 2, 5) be a very general hypersurface of degree 10. Then X is
a nonsingular Fano 4-fold with index 1. By [ILP13, Theorem 2.2], (X,OX(1))
degenerates to a polarized toric variety (XP, LP) as a Q-polarized variety for
P : = conv(e1, e2, e3, e4,−1/6(e1 + e2 + e3 + e4)) ⊂ R4.
By [Ito14, Example 3.10 and Lemma 4.3], we obtain
ε(X,OX(1); 1) ≥ ε(XP, LP; 1) ≥ 10/9.
(2) Similarly, let X ⊂ P(15, 2, 5) be a nonsingular hypersurface of degree 10. Then
X is a nonsingular Fano 5-fold with index 2 and | − KX | is not base point free.
By [Kol96, V, 4.11], the polarized pair (X,OX(1)) is covered by lines. In partic-
ular, we have ε(X,−KX ; 1) = 2.
Thus the strict analogue of Corollary 1.8 does not hold in higher dimension.
However we can still ask the following question.
1.11. Question. Let X be a Fano manifold such that ε(X,−KX ; 1) ≤ 1. Is the base locus
of the linear system | − KX | non-empty?
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2. POLARIZED MANIFOLDS COVERED BY LINES
In this section, we study the existence of lines on Fano manifolds with large
index and the main aim is to prove Theorem 1.6.
2.1. Definition. Let (X,H) be a polarized projective manifold. A line (with respect to
H) in X is a rational curve C ⊂ X such that H · C = 1. We say that (X,H) is covered by
lines if through every point x of X there is a line contained in X.
In generalX cannot be embedded into projective spaces in such away that a line
C on X becomes a projective line. If (X,H) is covered by lines, then by definition
it is easy to see ε(X,H; x) ≤ 1 for every point x ∈ X.
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2.2. Lemma. Let (X,H) be a polarized projective manifold. Assume moreover that
through a very general point x there is a rational curve Cx ⊂ X of degree d. Then there
exists an irreducible closed subvariety W of Chow(X) such that
(1) the universal cycle over W dominates X, and
(2) the subset of points in W parametrizing the rational curves Cx (viewed as 1-cycles on
X) is dense in W.
Proof. Recall that Chow(X) has countably many irreducible components. On the
other hand, since we are working over C, we have uncountably many lines on X.
Then the existence ofW is clear. 
2.3. Remark. Let (X,H) be a polarized projective manifold. If through a very
general point x ∈ X there is a line x ∈ ℓ ⊂ X, then through every point x ∈ X
there is a line. In fact, let us denote by W the subvariety of Chow(X) provided
in Lemma 2.2. We remark that every cycle [C] in W is irreducible and reduced
as H · C = 1. Let V be an irreducible component of RatCurvesn(X) such that its
image in Chow(X) contains W. Then V is an unsplit covering family of minimal
rational curves. Let U be the universal family over V . Then the evaluation map
e : U → X is surjective. Hence, (X,H) is covered by lines.
The following fact is well-known for experts, but for the convenience of reader
we give a complete proof.
2.4. Proposition. Let X be an n-dimensional Fano manifold such that n ≥ 3, and let H
be the fundamental divisor. If either rX > n/2, or rX = n/2 and ρ(X) ≥ 2, then (X,H)
is covered by lines.
Proof. Let K be a family of minimal rational curves on X. By [Kol96, V, Theorem
1.6], for a general member [C] ∈ K, we have−KX ·C ≤ n+ 1. Moreover, according
to [CMSB02], the equality holds if and only if X is isomorphic to Pn. Thus, without
loss of generality, we may assume that−KX ·C ≤ n for a general member [C] ∈ K.
As rX ≥ n/2, for a general member [C] ∈ K, we obtain
H · C = 1
rX
(−KX · C) ≤ n
rX
≤ 2
with equality if and only if rX = n/2 and −KX · C = n. Let X be an n-dimensional
Fano manifold with index n/2 and ρ(X) ≥ 2 such that −KX · K = n for all fam-
ilies K of minimal rational curves on X. Then we get ℓX = n. Thanks to [CD15,
Theorem 1.4], X is the blow-up of Pn along a smooth subvariety A of dimension
n − 2 and degree d ∈ {1, . . . , n}, contained in a hyperplane. Nevertheless, it is
easy to see that such X are Fano manifolds of index 1, which is impossible by our
assumption. Hence, if X is an n-dimensional Fano manifold with index n/2 and
ρ(X) ≥ 2, then we have ℓX = n/2. In particular, (X,H) is covered by lines. 
2.5. Remark. If X is an n-dimensional Fano manifold with ρ(X) = 1 such that
ℓX = n and n ≥ 3, Miyaoka proves in [Miy04] that X is isomorphic to a smooth
quadric hypersurface. However, the proof there is incomplete (see [DH17, Remark
5.2]).
2.6. Corollary. Let X be an n-dimensional Fano manifold such that n ≥ 3, and let H be
the fundamental divisor. If rX ≥ max{n− 2, 2}, then (X,H) is covered by lines.
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Proof. By Proposition 2.4, it remains to consider the case rX = 2, n = 4 and
ρ(X) = 1; that is, X is a 4-dimensional Mukai manifold with ρ(X) = 1. Then
X is a smooth complete intersection in either a weighted projective space or a ra-
tional homogeneous space (see [IP99, § 5.2]). In the former case, (X,H) is covered
by lines by [Kol96, V,4.11]. In the latter case, it is easy to check that (X,H) is also
covered by lines (see [IM14, Lemma 1]). 
Proof of Theorem 1.6. It follows directly from Corollary 2.6 and Theorem 1.5. 
3. CHARACTERIZE FANO THREEFOLDS VIA SESHADRI CONSTANTS
3.A. Fano threefoldswith Picard number one. Asmentioned in the introduction,
the Seshadri constants ε(X,−KX ; 1) of very general nonsingular Fano threefolds X
with ρ(X) = 1 are computed by Ito in [Ito14]. In the following result, we show that
ε(X,−KX; 1) is invariant in its deformation family if −KX is very ample. Recall
that the genus of a nonsingular Fano threefold X is defined to be (−KX)3/2+ 1.
3.1. Proposition. Let X be a nonsingular Fano threefold of genus g with ρ(X) = 1. If
−KX is very ample, then the Seshardri constant ε(X,−KX; 1) is invariant in its deforma-
tion family.
Proof. If the index of X is at least 2, it follows directly from Theorem 1.6. Now we
consider the nonsingular Fano threefolds with index one. By the very ampleness
of −KX , the induced morphism Φ|−KX| : X → Pg+1 is an embedding, where g is
the genus of X. Note that (X,−KX) is not covered by lines since the index of X
is 1. After identifying X with its image under Φ|−KX|, the line bundle OX(−KX)
is isomorphic to OPg+1(1)|X. By the classification (see [IP99, Table 12.2]), except
the case g = 4, X is always a complete intersection of hypersurfaces of degrees at
most two in a rational homogeneous space. Let x ∈ X be a very general point. If
(X,−KX) is not covered by lines, by the construction, there are no lines in Pg+1
lying in X and passing through x. Thus, thanks to [IM14, Theorem 3], for a very
general point x ∈ X, we have ε(X,−KX ; x) = ε(X,OPg+1(1)|X; x) = 2. For the case
g = 4, X is a complete intersection of a quadric and a cubic (see [IP99, Table 12.2]),
by [IM14, Theorem 3] again, we get ε(X,−KX ; 1) = ε(X,OP5(1)|X; 1) = 3/2. 
3.2. Remark. According to [IP99, Proposition 4.1.11], if X is a nonsingular Fano
threefold with ρ(X) = 1 such that −KX is not very ample, then either X is a
weighted hypersurface of degree 6 in P(14, 3) (i.e., ג(X) = 1.1), or X is a complete
intersection of two weighted quadric hypersurfaces in P(15, 2) (i.e., ג(X) = 1.2).
Up to now I do not know if the Seshadri constant ε(X,−KX ; 1) is invariant in the
deformation families of smooth Fano complete intersections in weighted projec-
tive spaces.
3.B. Splitting and free splitting. The following concept plays a key role in the
classification of Fano threefolds, and it is also the main ingredient of the proof of
Theorem 1.7.
3.3. Definition. A Weil divisor D on a projective manifold X has a splitting if there are
two non-zero effective divisors D1 and D2 such that D1 + D2 ∈ |D|. The splitting is
called free if the linear systems |D1| and |D2| are base point free.
The following criterion is frequently used in [MM86] to check the free splitting
of anticanonical divisors.
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3.4. Definition-Proposition.[MM86, Proposition 2.10] Let Y be a projective manifold.
Assume that C is a smooth proper closed subscheme of Y. Let IC be the sheaf of ideals of C
in X, and let D be a divisor on Y. Let f : X → Y be the blow-up of Y along C. We denote
by E the exceptional divisor of f . We say that C is an intersection of members of |D| when
the equivalent conditions below are satisfied.
(1) The map H0(Y,OY(D)⊗ IC)⊗OY → OY(D)⊗ IC is surjective.
(2) The linear system | f ∗D− E| is base point free.
3.5. Lemma. Under the situation of Definition-Proposition 3.4, if C is a curve, then the
linear system | f ∗D− E| is composed with a pencil of surfaces if and only if C is a complete
intersection of members of |D|.
Proof. One implication is clear. Now we assume that | f ∗D− E| is composed with
a pencil of surfaces. Let A be an ample divisor over Y. Then the pull-back f ∗A is
nef and big. Since | f ∗D− E| is composed with a pencil of surfaces, the numerical
dimension of f ∗D − E is 1. In particular, we have ( f ∗D − E)2 · f ∗A = 0. Then it
yields
D2 · A = ( f ∗D)2 · f ∗A = −E2 · f ∗A = A · C.
Since H0(Y,OY(D)⊗ IC)⊗OY → OY(D)⊗ IC is surjective, there exist D1,D2 ∈
|D| without common components such that C ⊂ D1 ∩ D2 as sets. On the other
hand, we have
A · C = D2 · A = D1 · D2 · A.
As A is ample, we obtain C = D1 ∩ D2 as 1-cycles. Since C is smooth, we get
C = D1 ∩ D2 as scheme-theoretical complete intersections. 
The following theoremplays a key role in the proof of Theorem 1.7. It is claimed
in [MM81] and the proof is provided in [MM86].
3.6. Theorem.[MM86, Theorem 3] Let X be a nonsingular Fano threefold with ρ(X) ≥
2, then the anticanonical divisor −KX has a splitting. Furthermore, −KX has a free split-
ting if | − KX | is base point free.
3.C. Morphisms induced by splittings. This subsection is devoted to study the
relation between ε(X,−KX ; 1) and the maps induced by splittings of −KX . We
begin with a simple but useful observation.
3.7. Lemma. Let X be an n-dimensional Fano manifold, and let g : X → Y be a surjective
morphism with connected fibers onto a normal projective variety Y. Let x ∈ X be a very
general point, and let C be an irreducible curve passing through x and contracted by g. If
dim(Y) = n− 1, then −KX · C = 2multx C.
Proof. By genericity assumption, we may assume that the fiber of g passing
through x is irreducible and smooth. In particular, as dim(Y) = n − 1, C is ex-
actly the fiber of f over x. As −KX is ample, C is a rational curve. Hence, we have
−KX · C = 2 = 2multx C by the smoothness of C. 
Now we can describe the structure of nonsingular Fano threefolds with small
ε(X,−KX; 1).
3.8. Theorem. Let X be a nonsingular Fano threefold with ρ(X) ≥ 2. If | − KX | is base
point free, then ε(X,−KX; 1) > 1. Moreover, if ε(X,−KX ; 1) < 2, for any free splitting
−KX = D1 + D2, after exchanging D1 and D2 if necessary, one of the following holds.
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(1) ε(X,−KX ; 1) = 4/3, and |D1| induces a del Pezzo fibration X → P1 of degree 2.
(2) ε(X,−KX ; 1) = 3/2, and |D1| induces a del Pezzo fibration X → P1 of degree 3.
Proof. Fix a free splitting −KX = D1 + D2 (cf. Theorem 3.6). Let gi : X → Yi be the
morphism induced by the free linear system |Di|. Moreover, by Stein factorization
and generic smoothness, we shall assume that the general fiber of gi is irreducible
and smooth. Let x ∈ X be a very general point, and let C be an irreducible curve
passing through x. There are three different possibilities for C.
(1) The curve C is not contracted by g1 nor g2.
(2) The curve C is contracted by g1 (resp. g2) and g1 (resp. g2) is a fibration in
curves.
(3) The curve C is contracted by g1 (resp. g2) and g1 (resp. g2) is a fibration in
surfaces.
In case (1), by the freeness of |D1| and |D2|, we can find D˜1 ∈ |D1| and D˜2 ∈ |D2|
both passing through x and not containing C. In particular, we have
− KX · C = (D˜1 + D˜2) · C ≥ 2multxC. (3.1)
In case (2), without loss of generality, we may assume that C is contracted by
g1. By Lemma 3.7, we have
− KX · C = 2multxC. (3.2)
In case (3), without loss of genericity, we shall assume that C is contracted by g1.
Let S be the fiber of g1 passing through x. Since x is very general, we can assume
that S is a general fiber of g1. As −KX is ample, S is a smooth del Pezzo surface
and we have
− KX · C = −KS · C ≥ ε(S,−KS; 1)multxC. (3.3)
As a consequence, ε(X,−KX ; 1) < 2 only if one of g1 and g2 is a fibration in del
Pezzo surfaces of degree at most 3 (cf. Theorem 1.4). Moreover, if ε(X,−KX ; 1) =
1, then one of g1 and g2 is a fibration in del Pezzo surfaces of degree 1. However,
the anticanonical linear system | − KS| of a del Pezzo surface S of degree 1 is not
base point free, we get a contradiction. Thus we have always ε(X,−KX ; 1) > 1.
On the other hand, note that −KX is ample and −KX = D1 + D2, so there are
no curves contracted by both g1 and g2. In particular, at most one of g1 and g2 is
a fibration in surfaces. Combined with (3.1), (3.2) and (3.3), Theorem 1.4 implies
that if ε(X,−KX ; 1) < 2, then either ε(X,−KX; 1) = 4/3 and one of g1 and g2 is
a fibration of del Pezzo surfaces of degree 2, or ε(X,−KX ; 1) = 3/2 and one of g1
and g2 is a fibration of del Pezzo surfaces of degree 3. 
In the case where | − KX| is not base point free, we have the following well-
known classification result.
3.9. Theorem.[IP99, Theorem 2.4.5] Let X be a nonsingular Fano threefold. Then the
linear system | − KX | is base point free except for the following two cases.
(1) The blow-up of V1 along an elliptic curve which is an intersection of two divisors from
| − 12KV1 |, where V1 is a smooth del Pezzo threefold of degree 1, i.e. ג(X) = 2.1.
(2) P1 × S1, where S1 is a smooth del Pezzo surface of degree 1, i.e. ג(X) = 10.1.
3.10. Corollary. Let X be a nonsingular Fano threefold with ρ(X) ≥ 2. Then the follow-
ing three statements are equivalent.
(1) The linear system | − KX | is not base point free.
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(2) There is a del Pezzo fibration X → P1 of degree 1.
(3) ε(X,−KX ; 1) = 1.
Proof. (1) =⇒ (2). It is enough to consider case (1) of Theorem 3.9. Let E be the
exceptional divisor of the blow-up pi : X → V1. Let H be the fundamental divisor
of V1. Then C is an intersection of members from |H|. Thus the linear system
|pi∗H − E| is base point free. Moreover, since C is a smooth complete intersection,
|pi∗H − E| is composed with a pencil of del Pezzo surfaces of degree H3 = 1.
(2) =⇒ (3). Let x ∈ X be a very general point. Thanks to [Bro09, Théorème
1.4], it suffices to show ε(X,−KX ; x) ≤ 1. Let S be the fiber of the fibration X → P1
containing x. By the genericity of x and generic smoothness, S is a smooth del
Pezzo surface of degree 1. By definition, we get
ε(X,−KX; x) ≤ ε(S,−KX|S; x) = ε(S,−KS; x) ≤ ε(S,−KS; 1) = 1.
The last inequality follows from the lower semi-continuity of Seshadri constant.
(3) =⇒ (1). It follows directly from Theorem 3.8. 
3.11. Remark. If X is a nonsingular Fano threefoldwith ρ(X) ≥ 2 such that | −KX |
is not base point free, then there exists a splitting −KX = D1 + D2 such that |D1|
is base point free and D2 is nef and big. In fact, we can set D1 = pi
∗H − E for
ג(X) = 2.1 and D1 = p
∗OP1 (1). Then the nefness and bigness of D2 can be easily
checked.
3.D. A structure theorem. The following example shows that a smooth Fano
threefold may be released as two del Pezzo fibrations of different degree.
3.12. Example. Let X = Sd ×P1, where Sd is a smooth del Pezzo surface of degree
d such that Sd is isomorphic to neither P
2 nor a smooth quadric surface Q2. Then
there is natural fibration Sd → P1 with general fiber P1. Denote the induced
fibration X → P1 by p1 and the second projection Sd ×P1 → P1 by p2. Then the
general fiber of p1 is a smooth quadric surface, while the fiber of p2 is a del Pezzo
surface of degree d.
3.13. Lemma. Let X be a nonsingular Fano threefold such that Bs | − KX | 6= ∅. If X
admits a del Pezzo fibration of degree d ≥ 2, then d ≥ 4.
Proof. As explained in Remark 3.11, there exists a splitting −KX = D1 + D2 such
that |D1| is base point free and D2 is nef and big. Moreover, it is easy to see
that |D1| is composed with a pencil of del Pezzo surfaces of degree 1. Denote
by g : X → P1 a del Pezzo fibration of degree d ≥ 2 and let S be a general fiber
of g. Then −KS = D1|S + D2|S is a splitting. As |D1| is base point free, |D1|S| is
also base point free. Denote by pi : X → Y the induced surjective morphism with
connected fibers. Then Y is a curve. Let s ∈ S be a very general point and let C ⊂ S
be an irreducible curve passing through s. If C is not contracted by pi, then we can
find D ∈ |D1|S| passing through s but not containing C. Since D2|S is a nef and
big divisor, by [Bro09, Proposition 4.12], we get
−KS · C ≥ D · C+ ε(S,D2|C; 1)multxC ≥ 2multxC.
If C is contracted by pi, then we have −KS · C = 2multx C by Lemma 3.7. As a
consequence, we obtain ε(S,−KS; s) ≥ 2. Then Theorem 1.4 shows d ≥ 4. 
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Now we are in the position to prove the main technique theorem in this paper.
It gives the classification of Fano threefolds with ρ(X) ≥ 2 via Seshadric constant
ε(X,−KX; 1).
3.14. Theorem. Let X be a nonsingular Fano threefold with ρ(X) ≥ 2.
(1) ε(X,−KX ; 1) = 1 if and only if there is a fibration in del Pezzo surfaces X → P1 of
degree 1.
(2) ε(X,−KX ; 1) = 4/3 if and only if there is a fibration in del Pezzo surfaces X → P1
of degree 2.
(3) ε(X,−KX ; 1) = 3/2 if and only if there is a fibration in del Pezzo surfaces X → P1
of degree 3.
(4) ε(X,−KX ; 1) = 3 if and only if X is isomorphic to the blow-up of P3 along a smooth
curve C of degree d at most 3 which is contained in a hyperplane.
(5) ε(X,−KX ; 1) = 2 otherwise.
Proof. The statement (1) follows directly from Corollary 3.10. To prove (2), by
Corollary 3.10 and Theorem 3.8, it is enough to show that if X admits a del
Pezzo fibration of degree 2, then ε(X,−KX ; 1) = 4/3. By definition, we have
ε(X,−KX; 1) ≤ 4/3 if X admits a del Pezzo fibration of degree 2. Then Lemma
3.13 shows that | − KX | is base point free. Therefore, according to Theorem 3.8, we
have ε(X,−KX ; 1) ≥ 4/3, and consequently ε(X,−KX ; 1) = 4/3.
To prove (3), by Corollary 3.10 and Theorem 3.8, it suffices to show that if X
admits a del Pezzo fibration f : X → P1 of degree 3, then it does not admit a del
Pezzo fibration of degree ≤ 2. By Lemma 3.13, | − KX | is base point free. Thus, by
Theorem 3.8, it remains to exclude the case in which X admits a del Pezzo fibration
of degree 2. If so, then we have ε(X,−KX ; 1) = 4/3 by (2). Let −KX = D1 + D2
be a free splitting of −KX . By Theorem 3.8, we may assume that |D1| is composed
with a pencil of del Pezzo surfaces of degree 2. Let S be a general fiber of f . By
assumption, −KS has a free splitting of the following form
−KS = −KX |S = D1|S + D2|S.
The slightly modified argument as in the proof of Lemma 3.13 shows that we have
ε(S,−KS; 1) ≥ 2. This contradicts Theorem 1.4 and the fact that S is a del Pezzo
surface of degree 3. Hence, X does not admit a del Pezzo fibration of degree 2.
To prove (4) and (5), if ℓX ≥ 3, [CD15, Theorem 1.4] shows that X is isomorphic
to the blow-up of P3 along a smooth plane curve of degree≤ 3. On the other hand,
we always have ε(X,−KX; 1) = 3 for such X (see [LZ18, Theorem 3]). If ℓX < 3,
then we have ε(X,−KX ; 1) ≤ 2 and the theorem now follows from Theorem 3.8,
Corollary 3.10 and (1)-(3). 
3.15. Remarks.
(1) The same argument as in the proof of (3) can be modified to show that the del
Pezzo fibration in (2) and (3) is unique.
(2) According to Theorem 3.8 and Theorem 3.14, to see if a nonsingular Fano three-
fold X admits a del Pezzo fibration of degree 2 or 3, it suffices to check it for
the morphisms induced by an arbitrary free splitting of −KX .
4. DEL PEZZO FIBRATIONS OF SMALL DEGREE
This section is devoted to complete the proof of Theorem 1.7. According to The-
orem 3.14, we need to find out all Fano threefolds admitting a del Pezzo fibration
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of degree 2 or 3. Nevertheless, as explained in Remark 3.15, it suffices to consider
the morphisms induced by an arbitrary free splitting of −KX .
4.A. General results. Following [MM86, Proposition 2.12, 2.13 and 2.14], we in-
troduce the following notion for the convenience.
– Let X be a nonsingular Fano threefold. We say that X satisfies (♣) if X can be
obtained from blowing-up of a nonsingular threefold Y along a smooth (but
possibly disconnected) curve C, where C is an intersection of members of a
complete linear system |L|.
We start by collecting and reformulating some import properties of the mor-
phisms induced by free splittings of −KX .
4.1. Theorem.[MM86, § 7] Let X be a nonsingular Fano threefold with ρ(X) ≥ 2. If
ג(X) 6∈ {2.2, 2.6, 2.8, 2.18, 2.24, 2.32, 2.34− 2.36, 3.1− 3.3, 3.8,
3.17, 3.19, 3.27, 3.28, 3.31, 4.1, 4.10, 5.3, 6.1− 10.1},
then X satisfies (♣). Moreover, let E be the exceptional divisor of the blow-up f : X → Y
and set D1 = f
∗L− E. Then the following statements hold.
(1) There exists a divisor D2 such that −KX = D1 + D2 is a splitting, which is free
if | − KX | is base point free. Moreover, if | − KX | is base point free, then the linear
system |D2| is composed with a pencil of surfaces if and only if ג(X) = 3.5.
(2) The smooth curve C is a complete intersection of members of |L| if and only if
ג(X) ∈ {2.1, 2.3− 2.5, 2.7, 2.10, 2.14, 2.15, 2.23, 2.25, 2.28− 2.30, 2.33,
3.4, 3.7, 3.11, 3.24, 3.26, 4.4, 4.9, 5.1}.
Proof. By definition, if X lies in one of the situations of Proposition 2.12, Propo-
sition 2.13 and Proposition 2.14 in [MM86], then X satisfies (♣). Moreover, set
D1 = f
∗L− E and D2 = −KX − D1. If | − KX | is base point free, then |D2| is com-
posed with a pencil of surfaces if and only if X satisfies the assumptions of [MM86,
Proposition 2.14]. If X is a nonsingular Fano threefold with ρ(X) = 2, the theorem
follows form [MM86, (7.1)-(7.3), (7.8)]. The rest can be checked similarly. 
First we consider the nonsingular Fano threefolds with ρ = 2. Recall that a
nonsingular Fano threefold X is said to be imprimitive if it is isomorphic to the
blow-up of another nonsingular Fano threefold with center along a smooth irre-
ducible curve. Otherwise X is said to be primitive.
4.2. Proposition. Let X be a nonsingular Fano threefold with ρ(X) = 2.
(1) There exists a del Pezzo fibration X → P1 of degree 2 if and only if ג(X) ∈ {2.2, 2.3}.
(2) There exists a del Pezzo fibration X → P1 of degree 3 if and only if ג(X) ∈ {2.4, 2.5}.
Proof. If ג(X) ∈ {2.3, 2.4, 2.5}, X is the blow-up of a nonsingular Fano threefold
Y with index r along an irreducible smooth curve C. Let H be the fundamental
divisor of X. Then C is a complete intersection of members of |(r− 1)H|. Let
E be the exceptional divisor of the blow-up f : X → Y. Then the linear system
|(r− 1) f ∗H − E| defines a del Pezzo fibration of degree 2 (resp. 2, 3) if ג(X) = 2.3
(resp. ג(X) = 2.4, 2.5).
If ג(X) = 2.2, X is a double cover of P1 × P2 ramified along a divisor of bide-
gree (2, 4). Let X → P1 × P2 → P1 be the composite. Then a straightforward
computation shows that the general fiber is a del Pezzo surface of degree 2.
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Now we assume that X admits a del Pezzo fibration f : X → P1 of degree
d ∈ {2, 3}. As ρ(X) = 2, f is an extremal contraction. If X is primitive, by the
classification given in [MM83, Theorem 1.7], we have ג(X) = 2.2.
If X is imprimitive, then X is the blow-up of another nonsingular Fano threefold
Y along an irreducible smooth curve C. As ρ(X) = 2, Y is a nonsingular Fano
threefold with index r and ρ(X) = 1. Denote by pi : X → Y the blow-up, by E the
exceptional divisor of pi and by H the ample generator of Pic(Y). Note that we
have r ≥ 2 by [IP99, Proposition 7.1.5]. Thanks to [IP99, Corollary 7.1.2], C should
be a scheme-theoretical intersection of divisors from |(r− 1)H|. In particular, the
contraction f is induced by |(r− 1)pi∗H − E|. The linear system |(r− 1)pi∗H − E|
is composed with a pencil of surfaces if and only if C is a complete intersection
of members of |(r− 1)H| and if so the general fiber of f is a del Pezzo surface of
degree d = (r − 1)H3. On the other hand, (r − 1)H3 = 2 if and only if (r,H3) ∈
{(3, 1), (2, 2)}. Nevertheless, if r = 3, then Y is a quadric threefold and we have
H3 = 2. Therefore the case (r,H3) = (3, 1) does not happen. Hence, if f is a
del Pezzo fibration of degree 2, then (r,H3) = (2, 2), i.e. ג(X) = 2.3. The same
argument can be applied to the case (r− 1)H3 = 3 to yield ג(X) ∈ {2.4, 2.5}. 
Next we consider the nonsingular Fano threefolds satisfying (♣).
4.3. Proposition. Let X be a nonsingular Fano threefold satisfying (♣).
(1) There exists a del Pezzo fibration X → P1 of degree 2 if and only if ג(X) = 2.3.
(2) There exists a del Pezzo fibration X → P1 of degree 3 if and only if ג(X) ∈ {2.4, 2.5}.
Proof. Firstly we consider the case ג(X) = 3.5. By [MM81], X is the blow-up of
P1 × P2 along a curve C of bidegree (5, 2) such that the composition C →֒ P1 ×
P2 → P2 is an embedding. Let E be exceptional divisor of the blow-up f : X →
Y = P1 × P2, and let g : P1 × P2 be the first projection. Set L = OY(−KY) ⊗
g∗OP1(1). Then C is an intersection (not complete intersection) of members of |L|.
Moreover, set D1 = f
∗L− E and D2 = f ∗g∗OP1(1). By [MM86, Proposition 2.14]
or [MM86, (7.17)], −KX = D1 + D2 is a free splitting. Thus, |D1| is not composed
with a pencil of surfaces and |D2| is composed with a pencil of surfaces. The
induced morphism by |D2| is exactly g ◦ f : X → P1. Let S be a general fiber of
g ◦ f . From the construction, S is the blow-up of P2 at 5 points. Therefore, S is a
del Pezzo surface of degree 4.
Secondly, we consider the case in which |D2| is not composed with a pencil of
surfaces. By Lemma 3.5, |D1| is composed with a pencil of surfaces if and only
if C is a complete intersection. In this case, the general fiber S of the morphism
Φ|D1| : X → P1 is an irreducible del Pezzo surface of degree D1 · D22. As the case
ρ(X) = 2 is already considered in Proposition 4.2, it remains to consider the case
ρ(X) ≥ 3. Then the quantity D1 ·D22 is computed in the Appendix and we see that
S is always a del Pezzo surface of degree ≥ 4. 
Finally we consider the nonsingular Fano threefolds of product type.
4.4. Lemma. Let X be a nonsingular Fano threefold such that ρ(X) ≥ 6 or ג(X) ∈
{3.27, 3.28, 4.10, 5.3}. Then X admits a del Pezzo fibration of degree d ≤ 3 if and only if
X ≃ P1 × S, where S is a del Pezzo surface of degree d.
Proof. One implication is clear. Now we assume that X admits a del Pezzo fibra-
tion of degree d ≤ 3. By the assumption, X is isomorphic to P1 × S, where S is a
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del Pezzo surface of degree d. Set D1 = p
∗
1(−KP1) and D2 = p∗2(−KS). If d = 1,
then | − KX| is not base point free and consequently S is a del Pezzo surface of
degree 1 by Corollary 3.10. If d ≥ 2, then −KX = D1 + D2 is a free splitting, and
we can conclude by Theorem 3.14. 
4.B. Remaining cases. As a consequence of Theorem 4.1, Proposition 4.2, Propo-
sition 4.3 and Lemma 4.4, it remains to consider the nonsingular Fano threefolds
X such that
ג(X) ∈ {3.1− 3.3, 3.8, 3.17, 3.19, 3.31, 4.1}.
ג brief description
3.1
a double cover of P1 ×P1 ×P1 ramified along a divisor of tridegree
(2, 2, 2)
3.2
a divisor from |ξ⊗2 ⊗O(2, 3)| on the P2-bundle P(E ) over P1 ×P1,
where E = O⊕O(−1,−1)⊕2 and ξ is the tautological bundleOP(E )(1)
3.3 a divisor on P1 ×P1 ×P1 of tridegree (1, 1, 2)
3.8
a divisor from |p∗1g∗O(1)⊗ p∗2O(2)| on F1 ×P2, where pi is the i-th
projection and g : F1 → P2 is the blow-up
3.17 a divisor on P1 ×P1 ×P2 of tridegree (1, 1, 1)
3.19 the blow-up of Q3 ⊂ P4 at two non-collinear points
3.31 P(O⊕O(1, 1)) over P1 ×P1
4.1 divisor on P1 ×P1 ×P1 ×P1 of multidegree (1, 1, 1, 1)
4.5. Proposition. If ג(X) ∈ {3.1, 3.3, 3.17, 4.1}, then ε(X,−KX ; 1) = 2.
Proof. In these four cases, it is easily seen that we can write −KX = D1 + D2 + D3
with all |Di| free linear system. Let x ∈ X be a very general point and let C be an
irreducible curve passing through x. If there exist Di and Dj with i 6= j such that
Di ·C > 0 andDj ·C > 0, thenwe have−KX ·C ≥ 2multx C as before. If there exist
Di and Dj with i 6= j such that Di · C = Dj · C = 0, then C is contained in a fiber of
the map pi = (pii,pij) : X → Yi × Yj, where pii and pij are the morphisms induced
by |Di| and |Dj|, respectively. As dim(Yi ×Yj) ≥ 2 and x is very general, it follows
that pi is a fibration in curves. By Lemma 3.7, we get ε(X,−KX ; 1) = 2multx C.
Thus we have ε(X,−KX ; x) ≥ 2 and we see that the equality holds from Theorem
3.14. 
4.6. Proposition. If ג(X) = 3.2, denote by f the composite X → P1 × P1 → P1,
where the last morphism is the projection to the first factor, then f is a del Pezzo fibration
of degree 3.
Proof. Denote by H1 and H2 the line bundles pi
∗O(1, 0) and pi∗O(0, 1) respectively,
where pi : P(E ) → P1 × P1 is the projection. Then we have −KX = (ξ + 2H1 +
H2)|X. Set D2 = (ξ + H1 + H2)|X and D1 = H1|X. Then −KX = D1 + D2 is
a free splitting and |D1| is composed with a rational pencil of surfaces. As X ∼
2ξ + 2H1 + 3H2, we have
(KX + D1)
2 · D1 = ((−ξ − H1 − H2)|X)2 · H1|X
= (ξ2 · H1 + 2ξ · H1 · H2) · (2ξ + 2H1 + 3H2)
= 2ξ3 · H1 + 5ξ2 · H1 · H2
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By the relation (ξ + H1 + H2)
2 · ξ = 0 (see [MM86, (7.14.2)]), we obtain
ξ3 = −2ξ2 · (H1 + H2)− 2ξ · H1 · H2.
This yields
(KX + D1)
2 · D1 = 3ξ2 · H1 · H2 = 3.
Since | − KX | is base point free, the general fiber of f is a smooth irreducible del
Pezzo surface of degree 3. 
4.7. Proposition. If ג(X) ∈ {3.8, 3.19, 3.31}, then there exists a free splitting −KX =
D1 + D2 such that |D1| and |D2| are both not composed with a pencil of surfaces. In
particular, X does not admit a del Pezzo fibration of degree ≤ 3.
Proof. Case 1. ג(X) = 3.8. Denote by C the exceptional curve of g and set E =
p−11 (C). Let H1 and H2 be the line bundles p
∗
1g
∗OP2(1) and p2OP2(1), respectively.
Then we have
−KX = (2H1 + H2 − E) |X
We set D1 = (2H1− E)|X and D2 = H2|X . Then −KX = D1 + D2 is a free splitting
such that |D2| is not composed with a pencil of surfaces. On the other hand, we
have
D21 · (H1 + H2)|X = 8H21H22 + 2E2H22 = 6 > 0.
Thus the numerical dimension of D1 is at least 2. In particular, |D1| is not com-
posed with a pencil of surfaces.
Case 2. ג(X) = 3.19. Denote by L the line bundle OQ3(1) and by f : X → Q3 the
blow-up. By [MM86, (7.11.1)], we have a free splitting
−KX ∼ f ∗L+ 2( f ∗L− E1 − E2),
where E1 and E2 are the exceptionl divisors of f over p and q, respectively. We
set D1 = f
∗L and D2 = 2( f ∗L− E1 − E2). Then it is easily to see that |D1| is not
composed with a pencil of surfaces. On the other hand, note that we have
D22 · f ∗L = 4( f ∗L)3 = 8 > 0.
Thus the numerical dimension of D2 is at least 2, and consequently |D2| is not
composed with a pencil of surfaces.
Case 3. ג(X) = 3.31. Denote by E the vector bundleO⊕ (1, 1) over P1×P1. Let
pi : P(E )→ P1 ×P1 the projection. Set D1 = OP(E )(2) and D2 = pi∗O(1, 1). Then
−KX ∼ D1 + D2 is a free splitting. As O(1, 1) is very ample on P1 × P1, we see
that |D2| is not composed with a pencil of surfaces. On the other hand, we have
D21(D1 + 3D2) = (−KX)3 − 3D1 · D22 = 40 > 0,
Similarly as above, |D1| is not composed with a pencil of surfaces. 
4.C. Conclusion. We summarize the main results proved in the previous two sub-
sections in the following theorem. Combining it with Theorem 3.14 will immedi-
ately yield Theorem 1.7.
4.8. Theorem. Let X be a nonsingular Fano threefold.
(1) X admits a del Pezzo fibration of degree 2 if and only if ג(X) ∈ {2.2, 2.3, 9.1}.
(2) X admits a del Pezzo fibration of degree 3 if and only if ג(X) ∈ {2.4, 2.5, 3.2, 8.1}.
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APPENDIX
Let X be a nonsingular Fano threefold with ρ(X) ≥ 3 satisfying (♣). If C ⊂ Y is
a complete intersection ofmembers from |L| such that X is isomorphic to the blow-
up of Y along C with natural morphism f : X → Y, then | f ∗L − E| is composed
with a pencil of del Pezzo surfaces of degree d = L2 · (−KY − L), where E is the
exceptional divisor of f : X → Y. In the proof of Proposition 4.3, we claim that we
have always d ≥ 4. In the following, we give the details of the calculation.
ג Y L d
3.4
f : Y → P1 ×P2 is a double
cover whose branch locus is a
divisor of bidegree (2, 2).
f ∗p∗2OP2(1), where
p2 : P
1 ×P2 → P2 is the
projection to the second factor
4
3.7
W ⊂ P2 ×P2 a smooth divisor
of bidegree (1, 1)
− 12KW 6
3.11
pi : V7 → P3 is the blow-up of
P3 at a point p with the
exceptional divisor E
− 12KV7 7
3.24
W ⊂ P2 ×P2 a smooth divisor
of bidegree (1, 1)
OW ⊗OP2×P2(0, 1) 8
3.26
pi : V7 → P3 is the blow-up of
P3 at a point p with the
exceptional divisor E
pi∗OP3 (1) 9
4.4
pi : Y → Q3 is the blow-up of
Q3 ⊂ P4 with center two points
x1 and x2 on it which are not
colinear with exceptional
divisors E1 and E2.
pi∗OQ3(1)⊗OY(−E1 − E2) 6
4.9
f : Y → P3 is obtained by first
blowing up along a line ℓ and
then blowing-up an exceptional
line of the first blowing-up
f ∗OP3(1) 8
5.1
pi : Y → Q3 is the blow-up of
Q3 ⊂ P4 three points xi on a
conic on it with exceptional
divisors Ei (1 ≤ i ≤ 3).
pi∗OQ3(1)⊗OY(−E1− E2− E3) 5
(1) ג(X) = 3.4. Denote by H the line bundle f ∗OP1×P2(1, 0). By ramification
formula, we have KY = −H − 2L. It follows
(−KY − L)2 · L = (H + L)2 · L = 2H · L2 = 4.
(2) ג(X) = 3.7. Here Y is the del Pezzo threefoldW of degree 6. As L = −1/2KW ,
we obtain
(−KY − L)2 · L = −18K
3
Y =
1
8
(−KW)3 = 6.
(3) ג(X) = 3.11. Here Y is a del Pezzo threefold V7 of degree 7. As L = −1/2KY,
we have
(−KY − L)2 · L = −18K
3
Y =
1
8
(−KV7)3 = 7.
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(4) ג(X) = 3.24. Denote the line bundles OP2×P2(1, 0) and OP2×P2(0, 1) by H1
and H2, respectively. ThenW = H1 + H2 and KW = (−2H1 − 2H2)|W and we
have
(−KW − L)·L = (2H1|W + H2|W)2 · H2|W = 8H21 · H22 = 8.
(5) ג(X) = 3.26. Here Y is a del Pezzo threefold V7 of degree 7. As −KV7 =−4L+ 2E, we obtain
(−KV7 − L)2 · L = (3L− 2E)2 · L = 9L3 = 9.
(6) ג(X) = 4.4. Denote by H the line bundle pi∗OQ3(1). Then L = H − E1 − E2
and KY = −3H + 2E1 + 2E2. It follows
(−KY − L)2 · L = (2H− E1 − E2)2 · (H − E1 − E2) = 6.
(7) ג(X) = 4.9. Denote by E1 the strict transform of the exceptional divisor of the
first blowi-up and denote by E2 the exceptional divisor of the second blow-up.
Then we have KY = −4L+ E1 + 2E2. It follows
(−KY − L)2 · L = (3L− E1 − 2E2)2 · L = 9L3 + L · E21 = 8.
(8) ג(X) = 5.1. Let H be the line bundle pi∗OQ3(1). Then L = H − E1 − E2 − E3
and KY = −3H + 2E1 + 2E2 + 2E3. It follows
(−KY − L)2 · L = (2H − E1 − E2 − E3)2 · (H − E1 − E2 − E3) = 5.
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